Abstract. A brief proof of the statement that the zero-set of a nontrivial realanalytic function in d-dimensional space has zero measure is provided.
If A is not identically zero, then its zero set
(1) F (A) := {x ∈ U : A(x) = 0} has a zero measure, i.e., mes d F (A) = 0.
Remark 5.23 in [Kuc15] and Lemma 1.2 in [Dan15] list possible approaches to the proof -from using Fubini's theorem to Hironaka's resolution of singularities. This posting suggests a proof on the level of Calculus II.
For any B ∈ A(U), the space of real-valued analytic functions on U, let us introduce the set
is a union of the sets
empty. Otherwise, for these compact sets, by the Implicit Function Theorem (e.g., [Rud64, Thm. 9 .18], n = 1) any point y ∈ G k has a ball/neighborhood where a piece of F (A) is in a coordinate (d − 1)-dimensional subspace of a nice coordinate system. Choose a proper finite covering and get
So (3) follows.
Claim 2. Assume
Then F (A) is contained in a countable union of sets of type G(B).
Proof. Indeed, for any w ∈ F (A) there exists an integer n ≥ 0 such that , and |a| = |a 1 | + · · · + |a d | for any a ∈ R d . We also define e j to be the jth standard basis vector, i.e., e j := (0, 0, . . . , 0,
Notice that
it proves that
By Claim 1 all sets on the right side of (8) have mes d -zero and by Claim 2
Proposition 0 is proved.
In conclusion, let us make a few remarks. (iii) The statements in Proposition 0 and Claims 1 and 2, in particular the inclusion (8), remain valid if we assume that A is a real function of some quasi-analtyic class, for example,
where M = {M(n) : n ∈ N}, M(0) = 1, M(n) ր ∞, log M(n) is convex, and ∞ n=1 M(n) M(n + 1) = ∞.
